An extended expression of the dynamic self-energy of one-particle Green function is obtained up to order 1/m in m-component Bose systems, by means of a complex unperturbed propagator. As applications of it, dynamic critical exponents of the TDGL model as well -as of a Bose system are evaluated to order 1/m, for both short-range and long-range interactions. These confirm the previous results of the TDGL model and of the Bose system for short-range interactions. An effective interaction V.rr (p, i(J).) is obtained to order 1/m, which is useful for discussion on anomalies of transport coefficients near the A.-transition. § 1. Introduction
In previous papers,Il-8 l critical dynamics in a Bose system has been discussed by extending renormaliZed perturbation techniques 4 l to quantum systems with use of temperature Green functions. 5 l It has been found there that not only zero internal frequency parts 6 l but also non-zero internal frequency parts of temperature Greei} functions are, in general, important to the critical dynamics of Bose systems.· The previous perturbational treatments 1 l-8 ) ,B) are starting from a zeroth , order Green function of the .form is ~enormalized into fl. from the beginning. The zeroth order Green functions are, however, not necessarily restricted to such a form as (1·1). One can include damping effects coming from irrelevant regions (i.e., from higher momenta or higher dimensions) into the zeroth order Green function of the form 7 ) , B) s=complex,
where the suffix R, indicates "a retarded Green function". In fact, the case that s is a pure imaginary. number corresponds to a purely damped system, namely the time-dependent Ginzburg-Landau (TDGL) model, as was discussed by -Tsuneto and Abraham 8 l in the _a-expansion. One of our pur_poses in this paper is to extend the previous perturbational treatmenel to such a general case of complex propagators (1· 2) and to investigate the critical dynamics in the TDGL model as well as in Bose systems, for m (or n) large, where m (or n) denotes the number of components of Bose fields. New results have been obtained on dynamic critical exponents of the TDGL modeP>-11 > with long-range interactions. 10 l' 12 l' 13 l Another purpose is to make preparations for studying anomalies of transport coefficients such as thermal conductivity and sound attenuation near the ,\-transition for m large. Although they have been evaluated already in the a-expansion/> critical exponents thus obtained do not agree well with experimental results. Thus, it will be of great interest to investigate, using the Kubo formula/ 4 > such transport coefficients in a complementary scheme, i.e., for m · large and in arbitrary dimensions. An effective interaction Veff(k, w) obtained in § 2 plays an important role in such investigations. The extended self-energy I:; (k, w) of one-particle Green function G (k, w) is obtained to order 1/m in § 2. Logarithmic singularities of the selfenergy are extracted in § 3 for the purpose of evaluating dynamic critical exponents from them in the succeeding sections. The critical dynamics of Bose systems is discussed in § 4. The critical relaxation in the TDGL model is studied in § 5. The expressions of dynamic critical exponents are rederived for short-range interactions, 9 >-ll> and they are newly evaluated for long-;range. inter" actions to order m-1 • Summary and discussions are given in § 6. § 2. Self-energy Z(k, m) extended up to order m- 1 The simplest dynamic critical behavior of a Bose system will be realized from the one-particle Green function G (k, (f)) which is analytically conti,nued from the Matsubara 5 > temperature Green function of the form
Here I (k, iw.) is the self-energy of the Green function G (k, iw.). For convenience, we study an m-componeni Bose system described by the Hamiltonian (2·2) where a~,J and ap,J denote creation and annihilation operators of the ith compo'-nent of the Bose field, respectively. Although a real system corresponds to a small value of m (say one), it is technically convenient to investigate the system (2. 2) in the large m limit. For example, the self-energy I (k, iw.) is given by Fig. 1 (a) to order m-\ where the effective interaction Veu(p, iwm) denotes the sum of a geometrical series of all bubble diagrams shown in Fig. 1(c) . This situation is easily realized from considerations that one closed-loop of diagrams makes a contribution of order m and that the interaction parameter u is assumedul to be of order 1/m, as in a classical static case. 16 l First we evaluate the "elementary bubble" r< 1 > (p, iwn) shown in Fig. 1 (b 
As usual, let us introduce the spectral representation~h 7 >• 17 > of the Green function G<O):
In the present case in which the complex propagator (1· 2) is used as an unperturbed Green function, the spectral intensity is explicitly given by 7 
where s* denotes the complex conjugate of s. Thus, we have ( 2 ·9) with k/ = k 1 + p. Taking account of the strength of interaction, u and the number of field; m, the self-energy E (k, i(J).) shown in Fig. 1 is given by the sum (2 ·10) where (J), is an external discrete frequency defined by (J),=2rcn,T (n, = 0, ± 1, · · -), and with a 1 ((J)) = a 1 + (J). Now, we perform the· (}),.-summation before summing up the geometrical series (2 ·10), by introducing the "partial fraction representation":
where use has been made of Eqs. (2 · 5) and (2 · 8) . Substituting Eq. (2 ·13) into (2 ·10), one arrives at a rigorous expression of the self-energy 2 (k, i(J) .) to order 1/m, which is still a geometrical series but in which all .frequency summations have been performed already.
As far as we are concerned with a singular part of the self-energy, the Bose distribution functions in Eqs. (2 ·10) and (2 ·13) may be replaced safely by a high temperature expansion f(e)~Tc 1 • In this way, a convenient expression of the self-energy is obtained as follows. First, the function g,. (p, i(J) 
The integral over e in (2 ·14 ) is easily performed by evaluating residues at the poles e=a 1 (i(J) .) and e=e(p)/s*, where we have assumed that lms>O and that
(J).>O (for we make an analytic continuation
with ep=e(p). Using the partial fraction rep:h:sentation (2·12), g,. (p, (J) ) is transformed back into the following form: 
Here it should be noted that the static part Z (k, 0) does not depend upon the "dynamical" parameter s, as· it should be. The above expression (2 ·19) is one of our main results. It will be used in the succeeding sections. The case that s is real (say, unity) has already been studied in previous papers. 2 J,SJ It should be also remarked that the expression (2 ·10) with Eq. (2 ·13) is rigorous to order 1/m and consequently that it will be useful in discussing quantum effects.
If one is interested only in the final compact expression (2 ·19), it is more convenient to make use of a spectral representation 2 l of the effective interaction of the form (2·20) where Il(p,iwn) is given by Eq. (2·18). This is easily justified to order 1/m, as is in a static case. 16 l Using the-spectral representation 2 Fig. 1 (a) is given by
Replacing f(e) by f(e) = Te-1 and evaluating the residues at the poles e = y + iw.
and e=e(p)fs* in (2·22), one obtains the dynamical part of the self-energy in the form ep-szw.) , s· (y+zw.) -ep Using the relation (2 · 21) , one arrives at the result
where an analytic continuation iWe-'>W+ iO+ has -been made. (Note that the expression Veff(p, w) in (2·20) does not contain such a factor as e"'.) This result is nothing but Eq. (2 ·19) . We can say that this agreement gives also a justification for the effective interaction -of the form (2 · 20) with Eq. (2 ·18). This effective interaction for s complex will-be used in a separate paper which deals with anomalies of transport coefficients near the ,{-transition. § 3. Logarithmic singularities of _the self-energy
As is well-known,15>•18 > critical exponents can be evaluated pertt1rbationall y from logarithmic singularities of corresponding perturbed physical quantities.
Here we extract anomalous logarithmic terms of the formS·"W log (J) and rv(J) log k in the self-energy .E(k, w) obtained in the previous section. For simplicity, we discuss hereafter just at the. critical point p.·= 0. (It is easy to extend the present arguments to the region above the critical point.)
It is easily shown from Eq. (2 ·19) with Eq. (2 ·18) that the logarithmic singularity of the uniform self-energy .E (0, w) at the critical point is given by where and 
(x, y) =T(x)T(y)/T(x+ y).
In particular, for d='3 (i.e., three dimensions), the integrals (3·9) and (3 ·10) are easily shown to be given by
Js (a) =Kala
where use has been made of the formula sin-1 (2x 2 -1) = 2 sin-1 x -n/2. Consequently Il2(a) is found to be expressed by the simple function (3 ·13) in three dimensions, Then, the logarithmic coefficient A for d = 3 in Eq. (3 ·1) is given by Aa=s= 2(mn 2 )-1 {n(sin-1 (1/a) + n/2)-1 -1}. (3 ·14) Similarly it is easily shown that
for (J)~k, where A is given by Eq. (3·2). The above arguments are easily extended to systems with long-range interactions of the form u (R) ocR-<d+•> where R denotes the distance between two interacting particles. These systems are described .by an extended kinetic energy of the form e(k) =k(j' -11 (in the unit thar h 2 /(2M) =1) wi.th the effective potential-rang e parameter (J defined by (J=s. for (J<s<2 and d=2 for s>2. The self-energy for long-range-interactions is given by Eqs. (2 ·18) and (2 ·19) with e (k) = ka-p. The logarithmic singularities of the correspondin g self-energy are also given-by Eqs. (3·1), (3·2) and (3·1P) with such extended expressions of ll1 and lla(a) as
and lla(a) = , E{x(j' (e+xY}-1{s( e+xY -s*x(j'} {s(e+x) 
The above logarithmic singularities both for short-range (i.e., (J = 2) and long-range (i.e., O<d<2) interactions will be used in discussing dynamic critical exponents of the TDGL model as well as of Bose systems in the succeeding sections. As is seen from the above results, the dimensionalit y d in the present treatment is restricted to the region d<d<2d. § 4. Critical dynamics in Bose systems
The case discussed in previous papers is realized by btking the limit a~io+ (s*=s=real) in the results obtained in § 3. Although Jd(a) and Hd(a) 
It is easily seen that lla(iO+) diverges for 2<d<3: For example, from Eq. There is, however, a possibility that the case a=FO is realized as a fixed point of renormalization'l fr~m higher momenta or higher dimensions (d>4). In such a case, the dynamic critical exponent z will be given by (4·6) with A in Eq. (3 · 2), and with some complex value of a determined as a fixed point. There remains a problem how to determine such a fixed point in dynamical quantum systems. This problem will be discussed in the future. Finally it should be remarked that for a=FO (i.e., s is not real), Il2 (a) does not diverge even for 2<d<3, and consequently that non-zero internal frequency parts of temperature Green functions always contribute to dynamic critical exponents even for 2<d<3, contrasted with the case a= 0 (i.e., s is real) which is exceptional in this respect. § 5. Critical dynamics in the TDGL model
The critical dynamics of the TDGL model has been investigated originally by Halperin et aL, 9 l by applying the renormalization group techniques to nonlinear Langevin equations for short-range interactions. The c-expansion for long-range interactions has been performed already in Ref. 10) . Here, the 1/n-expansion of the dynamic critical exponent z is newly obtained for long-range interactions. The present derivations both for short-range and long-r~nge interactions will be instructive, in which such a purely dissipative system can be discussed by putting s to be pure imaginary (say s = i), i.e., a= 2 in our general results.
The dynamic part of the self-energy for s=i takes the form
with cp = c (p) = p 6 -/}., as 1s seen from Eqs. (2 ·18) and (2 ·19). Then, the logarithmic coe:ffici~nt A in .Eq. (3 ·1) is given by Eq. (3 · 2) with ll1 in Eq. (3 ·16) and Il2 (2) in Eq. (3 ·17) . It is easily shown from Eq. (3 ·17) that ll2(2) =2 :E {x 6 
Thus, the critical exponent A of the TDGL model with a general value of the effective potential-range parameter (J is expressed by
where
Note that the logarithmic coefficient A in Eq. (3 ·1) is real for this case, and consequently it is simply interpreted as a shift of the critical exponent z as usual. It should be also noted that the number of components, n, fo:r the TDGL model is twice as that of the Bose system, i.e., n =2m. Sd(y) = Jo [v(y+1-v) 
Therefore, the dynamic critical exponent z is given by z = 2 +en+ 0 (m-2 ) , where
Particularly for d=3 one obtains that A= (mn-2 )-1 and that z=2+n/2+0(m-2 ).
All these results for (J = 2 are precisely the same as those obtained by Halperin et al. 9 > In fact, it is also possible to derive the present new results for long-range interactions in their method. It will be instructive to discuss here explicitly the qualitative behavior of the critical exponent ).. The rJ-dependence of the critical exponent A for d = 1 is given in Fig. 2 . The curve of A in Fig. 2 is approximated by the following formula:
to an accuracy of about 1 part of 100. for short-range interaction (0"=2) is given in Fig. 3 , which is also approximated by 
The ordinary scaling exponent z is related to l as z = (r /v) l = (2-r;) l. Thus, we have the relation that A= J-1 + 0 (s 2 ). For large m limit, it becomes 
. Summary and discussion
In the present paper, the critical dynamics· of the TDGL model as well as of Bose systems has been discussed in a unified method, namely by using the complex propagator (1· 2) as an unperturbed Green function of the renormalized perturbation theory. The dyQamic self-energy of the one-particle Green function has been obtained rigorously to order 1/m in a power series of the form (2 ·10) with Eq. (2·13). The high-temperature approximation of it has been given in the compact form (2 ·19) with Eq. (2 ·18), from which the logarithmic singularities have been extracted and the dynamic critical exponents have been evaluated to order 1/m for a general complex value of sin Eq. (1·2). These results have been applied to the TDGL model and consequently the results obtained by Halperin et al. 9 l for short-range interactions have been rederived. The expressions (5 · 4) and (5 · 5) with Fig. 2 for long-range interactions are new results for the dynamic critical exponents of the TDGL rnodel. For a Bose system with a complex s, it is a problem what value the parameter s should take. This problem will be argued in the future, using recursion formula for the renorma-lization group in Bose systems.
Finally it should be remarked that the effective interaction (2 · 20) with Eq. (2 ·18) for a complex s will be conveniently used in investigating, to order 1/ m, the anomalies of transport coefficients such as thermal conductivity and sound attenuation near the ). 
"'
To derive the second equality in (A· 4), we have used the following formula:
with t = xaf 2 in the radial integration of c (6) . 
